We studied the high-order harmonic generation (HHG) from 2D solid materials in circularly and bichromatic circularly polarized laser fields numerically by simulating the dynamics of single-activeelectron processes in 2D periodic potentials. Contrary to the absence of HHG in the atomic case, circular HHGs below the bandgap with different helicities are produced from intraband transitions in solids with C 4 symmetry driven by circularly polarized lasers. Harmonics above the bandgap are elliptically polarized due to the interband transitions. High-order elliptically polarized harmonics can be generated efficiently by both co-rotating and counter-rotating bicircular mid-infrared lasers.
I. INTRODUCTION
High-order harmonic generation (HHG) from atomic and molecular gases has been studied extensively [1, 2] . It has been utilized to generate attosecond laser pulses. The mechanism is well described by the three-step recollision model [3] . Recently, more attention has been attracted to the HHG from solids [4] [5] [6] [7] [8] [9] [10] [11] [12] with the development of long-wavelength lasers. Solid HHG demonstrates novel characters different from the HHG from gases. For example, linear cutoff energy dependence on the amplitude of the laser field [4] , multi-plateau structure in the HHG spectra [11] , and different laser ellipticity dependence [4, 8, 9, [13] [14] [15] [16] [17] . However, mechanisms of HHG from solids are still under debate. Inter-and intra-band transition models [18] [19] [20] [21] [22] [23] are proposed. Three-step model in coordinate space [22] and step-by-step model in vector k space [24] [25] [26] [27] are investigated. The drawback of the solid HHG is the low damage threshold of solid materials. Many efforts have been undertaken to enhance the yield of HHG. For example, two-color laser fields [28] [29] [30] and plasmon-enhanced inhomogeneous laser fields [21, [31] [32] [33] are used to manipulate the HHG process, especially for the enhancement of the second plateau of the HHG spectra [21] .
In circularly polarized laser fields, HHGs are absent in the atomic systems due to the non-recollision spin motions of electrons in the classical picture [3] and forbidden transition in the selection rules in the quantum picture. However, HHG occurs in molecular systems in circularly polarized lasers because of additional recollision centers [34] . In the solid systems, especially for 2D materials [15, 17, 35] , because of the multi-center periodic potential wells and delocalization of the wave packets, HHGs can be efficiently produced in circularly polarized driving laser fields with the polarization plane in the same plane of 2D solids [9, 17] .
The intensity of HHG as a function of the driving laser ellipticity has been studied recently [4, [13] [14] [15] [16] . In this work, we study the ellipticity of HHG from solids driven by the external circular and bicircular laser fields.
In bicircular laser fields [36] [37] [38] [39] [40] , especially for the counter-rotating case, circular HHGs with different helicities can be efficiently generated in atomic and molecular systems [36, 41, 42] . This has been experimentally demonstrated recently [43] . It can also be used to illuminate chirality [44] and molecular symmetries [45] [46] [47] . It is also possible to generate isolated elliptical and circular attosecond laser pulses [48] [49] [50] [51] . However, the HHG from solids in bicircular laser fields is rarely investigated. In this work, we study the electron dynamics in 2D periodic potentials [52] to simulate the HHG process in solids. Atomic units are used throughout.
II. NUMERICAL RESULTS BY SOLVING THE TIME-DEPENDENT SCHRÖDINGER EQUATION
In the single-active-electron approximation, the time-dependent Schrödinger equation (TDSE) can be written as
where E x (t) and E y (t) are the x and y components of the laser fields. V (x, y) are twodimensional periodic Gaussian potentials [53] . The form for one unit cell is
where V 0 represents the maximum depth of the potential well, a is the length of the unit cell, (x 0 , y 0 ) are the coordinates of the center of the potential well. In this work, a = 4 a.u.,
As illustrated in Fig. 1 , this 2D system has C 4 symmetry. The electrons in the valence band are mainly distributed in each potential well, while the the electrons in the conduction bands are more delocalized.
Based on Bloch's theorem [24] , the band structure of the system can be obtained by 
The time-dependent wavefunction is obtained by using the Crank-Nicholson method [20, 54] . An absorbing function is used at the boundary to remove artificial reflection. The laser-induced currents along x and y axes are:
The HHG spectra are calculated by Fourier transforms of the above currents. photon with energy Ω can be used to extract its ellipticity ε and phase δ. They are defined as [34, 55] :
where sin(2χ) = sin(2γ) sin δ,
The 
III. HIGH-ORDER HARMONIC GENERATION IN CIRCULARLY POLARIZED LASER FIELDS
The circularly polarized laser field is written in the following form:
where the pulse envelope is
τ is the total pulse duration, which is set to be 10 cycles in this work. E 0 = 0.005 a.u. The wavelength is λ =3.2 µm.
At first, the initial state in our TDSE evolution is the single state on top of the valence band, i.e., the state at M point in Fig. 2 (b). The HHG spectra are presented in Fig. 3 .
The ground state of atoms is localized to the atomic core. Without recollision of ionized electron to the parent ion in the circularly polarized driving lasers, HHG can not be produced no matter how intense the lasers are. Different from the absence of HHG from atoms in circularly polarized driving laser fields, clear HHG signals with long plateau are generated in our simulations. Due to the multiple potential wells, the electron states in both the valence band and conduction band are delocalized. The transition probability between them is high 6 even in the circularly polarized laser fields. In Fig. 3 , strong odd harmonics are dominant.
One can find that circularly polarized odd harmonics with order less than 19 are generated in Fig. 3(b) . This energy is close to the minimum band gap between the valance band and the first conduction band: E c − E v = 0.25 a.u. This is in the perturbation regime. The harmonics are mainly from the intra-band transitions from previous studies [20, 23] . They reflect the global motion of the electron wavepackets along the conduction band [23] . The motion of electrons closely follows the spinning electric field from the circularly polarized driving lasers. Consequently, circular HHGs are produced. Different from the transition selection rules in the atomic case, circular harmonics with different helicities are allowed to be produced from solids with different symmetries [56] . The selection rules for 2D solids with C 4 symmetry in circular driving lasers in [56] explain well why the helicity of HHG changes alternately in Fig. 3 (b). For harmonics with order N > 20, they are generated from the inter-band transitions with a plateau structure in the non-perturbation regime [20, 23] . The harmonics reflect the local instantaneous polarization between the conduction band and the valence band of the system [23] . The inter-band transitions do not closely follow the driving circular fields. Elliptically polarized harmonics are presented instead. One may also notice the weak even-order harmonics with N < 20 in Fig. 3 , which are forbidden in the transition selection rules in [56] . However, the rules are based on group theories, which are applicable in global intraband oscillations rather than local interband polarization. To check if it is from the asymmetry introduced by the finite laser pulses, we have increased the pulse duration to 20 cycles. The weak even harmonics remain, which suggests that they are from the influence of interband transitions, similar to the case of interband-transition-induced even-order HHG in linearly polarized laser fields [25] . The cutoff energy is determined by the maximum energy band gap between the first conduction band and the valence band at all possible wave vector k(t) from our proposed model [24] in the momentum space.
where A(t) is the vector potential of the laser fields and |k(0) x | = |k(0) y | = π/a (M point).
From Fig. 2 , the value of the maximum band gap between the valence band and the first conduction band is around 41ω, agreeing well with the cutoff energy in Fig. 3 , suggesting that the HHG model for interband transition [24] is valid even in circularly polarized laser fields.
The bandgap along X−M is also small as illustrated in Fig. 2 [57] . Dynamic symmetry breaking of the system introduced by the superposition state will change the polariztion of HHG. It may also explain why the experimentally measured ellipticity of HHG is not exactly 1 [17] . In all the following calculations, we use the above superpostion state as the initial state for the TDSE simulations. The spectra are shifted for clarity. 
IV. HIGH-ORDER HARMONIC GENERATION IN CO-ROTATING TWO-COLOR CIRCULARLY POLARIZED LASER FIELDS
Two-color linearly polarized lasers have been shown to be efficient tools to generation high harmonics [28, 58] . In this work, we investigate the role of two-color circularly polarized lasers in HHG. The co-rotating two-color 1ω and 2ω laser fields are written as
The intensities of the two lasers are set to be the same. The pulse shape and the durations are the same as those in Eq. (7). The phase φ will rotate the electric fields and vector potentials of the laser fields. The rotation angle in the Lissajous curve is equal to this phase. It plays no roles in the HHG from atoms due to the isotropy, while it plays important roles in HHG from solids. The HHG spectra with different phases φ are illustrated in Figs. 5 and 6.
For the HHG from atoms, this co-rotating scheme is not efficient [37] since the recollision probability is still small. However, a long plateau with clear cutoff beyond the minimum band gap can be observed from the HHG spectra in the above figures. This scheme of co- In the multiphoton picture [28, 37, 58] , harmonic with order N may come from different combinations of N 1 ω and N 2 2ω photons (N 1 + 2N 2 = N) with different strengths and phases. The interference of these channels makes the phases of the harmonics complex. One may find that the harmonic with order 8 shown in Fig. 5 is approximately linearly polarized.
Orientation dependent harmonic generation in linearly polarized pulses is a good way of probing solid structure [14, 59, 60] . It can be extended to bicircular laser fields. To image the structure of the solid material, harmonic intensities along x and y axes with different phases φ in the driving lasers are presented in pulses [20] . The phase in Eq. (9) is equivalent to a delay of the two-color pulses. This delay between the two drivers will amplify the effect of finite pulse duration on the instantaneous interband transitions. The harmonic above the bandgap can not be used as an imaging tool.
We also calculated the phase difference δ in Eq. (6) of the third harmonic as a function of the phase φ of the lasers in Eq. (9), which is shown in Fig. 7 . One may find that it shows a half period of π/2 and sensitivity to the external laser fields, which can be used to image the symmetry group of the solid structure efficiently.
From Fig. 2 , the band structure of the system is anisotropic. As a result, the phase φ in the co-rotating driving lasers can be used to control the HHG process, and thus the properties of the HHG signals, such as the cutoff energy, the relative intensity, and phase difference of HHG along x and y directions. 
V. HIGH-ORDER HARMONIC GENERATION IN COUNTER-ROTATING TWO-COLOR CIRCULARLY POLARIZED LASER FIELDS
The counter-rotating bicircular 1ω and 2ω laser fields with amplitude ratio 1:1 are written as
The calculated HHG spectra with different φ are shown in Figs. 8 and 9 . The rotation angle in the Lissajous curve is also the same as φ.
Circular HHGs with different helicities are generated from atoms in bicircular counterrotating laser fields [39] . The harmonics with order 3N are forbidden from the transition selection rule in atomic systems. However, in Fig. 8 , no perfect circular HHGs are produced in the case of solids. Some harmonics close to linear polarization are also generated in The phase φ can be used to tune the ellipticity, the cutoff energies, relative intensity, and phase difference δ of the xy components of the HHGs. It can also be used to image the structure of solids. As shown in Fig. 9 , the harmonic intensities along x and y directions below the bandgap demonstrate a period of π/2. However, to retrieve the structure of an unknown target, one should fit the intensity of a range of harmonics to achieve high sensitivity. We also calculated the phase δ of the third and fourth harmonics as a function of the phase φ of the lasers in Eq. (10) . The phase of the third harmonic demonstrates a similar -sine trend in co-rotating lasers illustrated in Fig. 7 , while the phase of the fourth harmonic shows a sine trend in Fig. 10 . One may find that it also demonstrates a half period of π/2 and sensitivity to the change of the external laser fields, which can be used to 13 image the solid structure efficiently.
The amplitude ratio of the bicircular lasers will also affect the HHG signals. The combinations of lasers are not restricted to the fundamental and its second harmonic (1ω+2ω), it can be generalized to any nω + mω bicircular field to control HHG in soilds. There are too many ways to combine these parameters to control the HHG processes. Their effects will not be discussed in this work.
VI. SUMMARY
In conclusion, we have studied the HHG from 2D solids in circular and bicircular corotating and counter-rotating laser fields. Different from the HHG from atoms, circular
HHGs from intraband transitions can be generated in solids by circular driving lasers by using a pure initial valence state. Contributions from different valence states will change the polarization of harmonics. The efficiencies to generate harmonics from co-rotating and counter-rotating bicircular lasers are comparable. Elliptically and linearly polarized harmonics can be generated. The ellipticity, the relative intensity and phase difference between the xy harmonic components, and the cutoff energy can be controlled by the phase of the bicircular driving lasers. This phase dependence reflects the spacial distribution and the energy band structure of the solid targets, which can be used as an imaging tool.
VII. ACKNOWLEDGMENTS
We thank XuanYang Lai and HongChuan Du for many very helpful discussions. 
